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Abstract
Using a first-principles-based Monte Carlo approach, we investigate the strain–temperature
phase diagram of BaTiO3 ultrathin film without any surface charge screening. Although the
depolarizing field has little effect on the phase types, a unique stripe domain structure with
periodic out-of-plane polarization forms in the ultrathin films to minimize the energy of the
depolarizing field under the constraint of the boundary condition, which leads to an unusual
characteristic of the phase diagram. As a result, the total out-of-plane polarization remains zero
at any strain and temperature. The film thickness has obvious effects on the phase diagram,
e.g. the Curie temperature decreases and the strain moves to more negative values when the film
thickness decreases. It is found that the compressive strain plays a decisive role in the
characterization of ferroelectric polarization in such films, which suppresses the in-plane
polarization while supporting the out-of-plane polarization, and thus drives the polarization to
rotate from the in-plane to the normal direction.

(Some figures in this article are in colour only in the electronic version)

Thin films have extraordinary properties that are different
from the bulk material [1–3]. Along with the improvement
of bottom-up experimental techniques, ferroelectric films [4]
and superlattices [5] have been scaled down to nanometer
size with thicknesses of only a few unit cells. Barium
titanate (BaTiO3) thin films have been extensively studied
due to their promising ferroelectric properties and various
possible applications from the computer industry to medical
use [6–8]. Recently, ferroelectric characteristics were
experimentally observed in a PbTiO3 film only three unit
cells thick [4] and a very high transition temperature was
found in the ferroelectric BaTiO3 superlattice [9]. More
and more experimental evidence supports the opinion that
it is the strain from the mismatch between the film and
substrate that induces a dramatic increase in the phase
transition temperatures [10]. The experimental advances
offered a great theoretical challenge to explore the inherent

3 Author to whom any correspondence should be addressed.

physics of ferroelectric properties in nanoscale ultrathin film
by imposing strain and temperature effects. The strain–
temperature phase diagram for epitaxial and single domain
[001] BaTiO3 thin films has been predicted using the Landau–
Ginzburg–Devonshire (LGD) thermodynamic theory [11] and
first-principles based simulation [12] with periodic boundary
conditions. The effects of film thickness, surface, and
electric field were recently addressed by Lai et al [13, 14].
All these works assumed ideal short-circuit (SC) electrical
conditions or near-SC conditions. However, real thin films
probably exhibit a depolarizing field [15], which may limit
the functional performance of the device [16]. In fact,
the residual depolarizing field would result in a rich variety
of ferroelectric phases and polarization patterns [17, 18].
Under the extreme conditions of ideal open-circuit conditions,
some unusual behaviors, such as the off-center displacement
vortex pattern in BaTiO3 quantum dots [19], vortex stripes in
Pb(Zr0.5Ti0.5)O3 (PZT) [17, 20], and a polarization antiparallel
to the external field [20, 21], have been revealed. The aim
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of this work is to theoretically explore the phase diagram and
the polarization patterns of BaTiO3 ultrathin films under open-
circuit conditions.

There are diverse approaches to investigate perovskite
ferroelectrics [22, 23]. We adopt the first-principles-
based effective Hamiltonian scheme [24, 25]. In this
approach, an effective Hamiltonian is derived from first-
principles calculations by expanding the total energy around
the paraelectric structure with respect to relevant variables:
soft mode and strain (since atomic displacements and strain
deformations induced by ferroelectric phase transition are
relatively small). Then the effective Hamiltonian can be used
in Monte Carlo simulations to investigate the properties of
the system under various conditions. The approach has been
widely applied to many ferroelectrics [13, 18–20, 24–29]. For
BaTiO3, the total energy E is written as the sum of a local mode
self-energy, a long-range dipole–dipole interaction, a short-
range interaction between soft modes, an elastic energy, and
an interaction between the local modes and local strain energy,
as follows [24]:

E tot({ui }, {vi}, {ηH}) = E self({ui }) + Edpl({ui })
+ E short({ui }) + Eelas({ηH}, {vi })
+ E int({ui }, {vi}, {ηH}), (1)

where ui is the local soft mode in the i th unit cell which
is related to electrical dipoles Pi via Pi = Z∗ui (Z∗ is the
effective charge of the local mode), vi is the dimensionless
local displacement related to the inhomogeneous strain, and
ηH is the homogeneous strain tensor. All parameters are
determined from first-principles calculations with the local
density approximation (LDA) under zero temperature. The
detailed expression and the parameters of the Hamiltonian
were listed in [24].

The BaTiO3 thin films under our consideration are grown
along the [001] direction (denoted as the z-axis thereafter)
with Nz cell layers. The x- and y-axes are chosen to be
along the pseudocubic [100] and [010] directions, respectively,
where periodic boundary conditions are applied inside the
films with Nx × Ny cells. Obviously, the film thickness
is Nz × a, where a = 3.94 Å is the lattice constant of
the bulk BaTiO3. The influence of the substrate is imposed
by confining the homogeneous in-plane strain, i.e. η1 =
η2 = η and η6 = 0 (in the Voigt notation). The vacuum
surrounding the thin films is expected to cause surface induced
relaxations. The surface effect is implicitly accounted for
in our simulations by (i) including the effect of the broken
bonds in the surfaces, which is substantial for the surface
energy; and by (ii) relaxing all the local soft modes and
inhomogeneous strains under the effective Hamiltonian with
the thin film geometry. The external term of the surface effect
is not included in the Hamiltonian since the term has almost
no effect on the polarization pattern [18, 19]. Open-circuit
conditions are used here, so the effect of depolarization field
is considered without any surface charge screening.

The equilibrium properties of BaTiO3 thin films under
various conditions (temperature, strain, film thickness, etc) are
determined by use of Monte Carlo simulations based on the
effective Hamiltonian equation (1). The Metropolis algorithm

(a)

(b)

Figure 1. (a) The domain structure in the x–y plane of the film under
a compressive strain. The supercell we chose is 20 × 20 × 8, the
simulation temperature is 160 K, and the strain imposed on the film
is −0.4%. The color bar represents the magnitude of the out-of-plane
polarization (uz). (b) The plane average of the local soft mode (ux ,
uy , and uz) for the supercell along the (110) direction.

is adopted in our simulation on a Nx × Ny × Nz supercell
lattice. The corrected three-dimensional Ewald method [30] is
adopted to speed up the calculation of the long-range dipole–
dipole interaction energy. The single-flip move is chosen. In
one Monte Carlo sweep (MCS), we first make a trail move
on each ui in sequence, then each vi in sequence, and then
repeat this several times on the homogeneous strain variables.
The step sizes are adjusted to ensure an acceptance ratio
of approximately 0.5. The LDA usually underestimates the
lattice constants. In our simulations, the external pressure is
set to zero and the homogeneous strain is defined relative to
the lattice constant value achieved by LDA calculations (the
cubic lattice constant of bulk BaTiO3 used in the effective
Hamiltonian) instead of the experimental one. The simulation
results at low temperatures are expected to converge to the first-
principles calculations at zero temperature.

To comprehensively understand the inherent mechanism
of the ferroelectric effect in the ultrathin BaTiO3 film, we
first investigate the polarization pattern of the films under
compressive strains. The averaged out-of-plane polarization
of a 20 × 20 × 8 BaTiO3 film is shown in figure 1(a) when the
strain is −0.4%. Significant out-of-plane polarization can be
clearly seen in this ultrathin (3.15 nm) film. Moreover, such
polarization exhibits a periodic oscillation in the x–y plane
which further indicates the existence of a unique polarization
structure, the so-called ‘180◦ stripe domain structure’ [26, 29].
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Such stripe domains are also demonstrated in the spatial
variation of the averaged polarization along the (110) direction
(figure 1(b)), where uz shows an oscillation which is similar
to a cosine function, while ux and uy keep small values.
Obviously, the peaks/valleys of uz correspond to the centers
of the stripe domain, while the nodal points correspond to the
interfaces of two neighboring domains. Each stripe domain
runs through the film along the growth direction, which is
similar to the previous results of PZT films. [26]

Interestingly, it is found that the total out-of-plane
polarization remains zero at any strain. This is consistent with
the simulation results in quantum dots [19] and PZT films [26]
where the normal component of polarization near the surface
is suppressed by the vacuum. Therefore, such a 180◦ stripe
domain is formed to minimize the energy of the depolarizing
field under the constraint of the boundary condition that the
film is surrounded by a vacuum without any surface charge
screening. Similar 180◦ periodic stripe domains were also
observed when the near-short-circuit electrical condition is
used (i.e. the effect of surface charge screening is considered),
as revealed theoretically by Lai et al very recently [14]. The
above results indicate the stability of such a domain structure
under realistic conditions.

To explore the mechanism of polarization, we further
show the microstructure of local modes. The electrostatic
interaction is an essential driving force in perovskite
ferroelectrics [31]. In the BaTiO3 thin films we studied,
the long-range dipole–dipole interaction is expected to align
the polarization vectors as ‘head to end’. However, when
we project the surface layer’s polarization to the x–y plane
(figure 2(a)), we found that the polarization vectors could be
aligned as ‘head to head’ with each other. Such behavior
is unusual. To explore the underlying physical mechanism,
we plotted and analyzed the polarization projected on the
y = x plane. Interestingly, as shown in figure 2(b), a vortex
polarization structure is observed in the y = x plane. The
clockwise and anticlockwise vortex appear alternately along
the direction normal to the stripes. This vortex structure
extends along the (110) direction as vortex stripes. The average
effect of vortex structures directly results in the formation
of 180◦ out-of-plane polarization stripe domains. The stripe
domain walls are located at the centers of the vortex. Therefore
each out-of-plane polarization domain does not superpose with
the vortex stripe but strides across two neighboring vortex
stripes.

The above vortex polarization structure originates from
the balance between the long-range dipole–dipole interaction
and short-range covalent interaction [20] and the effect of the
free surface [32]. For the dipole–dipole interaction, the head to
end alignment of polarization vectors is favorable in energy,
while the constraint of the vacuum boundary condition and
the absence of the screening effect tend to align the surface
dipoles parallel to the surface to stabilize the dipole–dipole
interaction. On the other hand, the existence of short-range
covalent interaction requires that the dipoles change smoothly.
Furthermore, in the internal parts of such films, due to the
large compressive strain, the polarization tends to align out of
plane. Obviously, the vortex polarization structures not only
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Figure 2. Local mode displacement ui of a 20 × 20 × 8 BaTiO3 film
with T = 20 K and η = −0.4%. A vector arrow is used to virtualize
the projection of ui in the shown plane. (a) ui of the cells in the
surface plane. (b) ui of the cells in the planes x = y and x = y + a,
which are projected on to the same plane.

fit for all the above analysis, but also effectively reduce the
depolarization field by periodical arrangement.

In actual experimental systems and related devices,
including ferroelectric capacitors and superlattices, the lattice
constants (in the x–y plane) of ferroelectric films are
determined by that of the substrate. It imposes an inherent
strain effect on the films and consequently greatly changes
the ferroelectric property of the films. So the strain is a
substantial factor affecting the ferroelectric properties in such
films. We have studied a series of BaTiO3 film with different
in-plane strains and calculated the averaged local mode (the
supercell average of the in-plane components, ux and uy , and
the average amplitude of the spatial variation of the out-of-
plane component, uz) and the homogeneous strain (ηH) as
functions of both the strain and the temperature, which are used
to identify the different phases. The resulting phase diagrams
are presented in figure 3. It is found that the strain drastically
changes the phase transition sequence. The phase diagram is
divided into four parts with different phases (the notation is
similar to that in [11–13] except that a superscript star (∗) is
added to indicate the existence of the stripe domains): (i) the
paraelectric p phase at high temperatures with ux = uy =
uz = 0, where the symmetry of the system is lowered from
cubic to tetragonal due to the clamping effect and the space
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Figure 3. Phase diagrams of the (a) 15 × 15 × 6 and
(b) 15 × 15 × 4 BaTiO3 ultrathin films. The diagram is divided by a
blue line (with solid triangles that separate uz = 0 from uz �= 0) and
a red line (with open circles that separate ux = uy = 0 from
ux = uy > 0), resulting in four regions with different phases:
ferroelectric c∗ (uz > ux = uy = 0), aa (ux = uy > uz = 0), r ∗
(ux = uy �= 0, uz �= 0), and paraelectric p (ux = uy = uz = 0)
phases. Domain structures form in both c∗ and r ∗ phases, while the
aa phase appears as a monodomain.

group is P4/mmm; (ii) the tetragonal ferroelectric c∗ phase
at high compressive strains, with (stripe domain) polarization
uz > ux = uy = 0 and the space group P4mm; (iii) the
orthorhombic ferroelectric aa phase at high tensile strains,
with in-plane polarization ux = uy > uz = 0 and the
space phase Amm2; (iv) the monoclinic ferroelectric r∗ phase
at low temperatures and low strains, with (stripe domain)
polarization ux = uy �= 0, uz �= 0, and the space group
Cm. Due to the small size of the system, the possible adaptive
structure [33] and medium averaged structure [34, 35] are not
discussed here. In the c∗ phase, the vortex stripes responsible
for the 180◦ domains are observed. However, in the r∗ phase,
owing to ux = uy �= 0, the stripe domains are not 180◦,
but approximately 2 arctan(uz/

√
ux

2 + uy
2), which depends

on the strain and the temperature of the system. As the strain
increases, the phase transition temperatures of the r∗–aa and
c∗–p transitions decrease, whereas those of the c∗–r∗ and
p–aa transitions increase. This indicates that the compressive
strain suppresses the in-plane polarization while supporting
the out-of-plane polarization, thus driving the polarization to
rotate from the in-plane to the normal direction [27]. The

temperature region of the vortex stripe domain increases with
the compressive strain. It is obvious that the compressive
strain can stabilize the stripe domain. The film thickness
has an obvious effect on the phase diagram of the ultrathin
films. With decreasing film thickness, the Curie temperature
decreases and the strain moves to more negative values. In
spite of the changes with film thickness, both the structure of
the phase diagram and the domain structure are well conserved
in BaTiO3 ultrathin films.

Our results are fully consistent with previous first-
principles based calculations of the BaTiO3 phase diagram
under short-circuit conditions [12, 13], and comparable to
the prediction of LGD theory [11]. Pertsev et al [11] first
considered the temperature–strain phase diagram of BaTiO3

based on an LGD theory using periodic boundary conditions,
and predicted five phases: p, c, aa, ac (with polarization
px = pz �= 0, py = 0), and r phases. The adoption of a first-
principles-based approach resulted in a similar phase diagram
except that the ac phase is now absent and the phase diagram is
symmetric with respect to zero strain [12]. The inclusion of the
surface effect into the first-principles-based calculations [13]
confirmed the absence of the ac phase and the meeting of four
phases at a single point, but the resulting phase diagram is not
symmetric and the four-phase point is located at positive strain
because the z-component of the polarization is particularly
enhanced with respect to its other (x and y) components,
especially close to the surfaces/interfaces. It was also indicated
that a residual depolarizing field will shift the four-phase point
towards more negative strain. In the current works, the extreme
open-circuit condition with depolarization field is adopted to
investigate its influence on the phase diagram of BaTiO3 thin
films. Figure 3 shows that the depolarization did not produce
any new phases and the resulting phase diagram is very
similar to that under short-circuit conditions. The main effect
of the open-circuit conditions is to produce the z-direction
polarization stripe domains instead of the monodomain in c∗
and r∗ phases (we use a superscript star (∗) to emphasize the
existence of stripe domains). So it is impossible to obtain
a net out-of-plane polarization (e.g. monodomain) under the
constraint of open-circuit boundary conditions because the out-
of-plane polarization tends to align with alternative positive
and negative orientations in order to reduce the depolarization
energy. This characteristic of ultrathin films has been utilized
to determine the critical thickness of ferroelectricity in PbTiO3

ultrathin films recently [4]. On the whole, the influence of
the depolarization field on the phase diagram of BaTiO3 is
relatively weak.

It is instructive to compare the BaTiO3 phase diagram with
that of PbZr0.5Ti0.5O3 (PZT) thin films under the same open-
circuit conditions. In fact, they are somewhat similar: our
p, c∗, r∗, and aa phases correspond to the P, Sa, Sb, and
O (Mc) phases in [18], which represent paraelectric phase,
ferroelectric stripe phase without in-plane polarization, stripe
phase with in-plane polarization, and monodomain phase with
in-plane polarization, respectively. The similarity comes from
the influence of the clamping effect and the depolarization
field: since a polarization will elongate the lattice along
the polarization direction, a tensile strain tends to retain the
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Figure 4. The supercell average of the in-plane local mode (ux , uy) and the average amplitude of the spatial variation of the out-of-plane local
mode (uz) of 15 × 15 × 6 BaTiO3 films as functions of the temperature at (a) η = −0.5% and (b) η = 0, and as functions of the strain at
(c) T = 40 K and (d) T = 150 K. The right scales, which are proportional to each other, convert the local mode into the polarization.

polarization in-plane, while a compressive strain tends to drive
the polarization out-of-plane, and then the depolarization field
will turn the out-of-plane polarization into a stripe domain
structure. A major difference between BaTiO3 and PZT
phase diagrams is that the in-plane polarization under tensile
strains is along the x or y axis in PZT while it is along
the (110) direction in BaTiO3. This may be related to the
intrinsic ferroelectricity in bulks. For bulk BaTiO3, the low-
temperature ferroelectric phases include tetragonal (uz >

ux = uy = 0), orthorhombic (ux = uy > uz = 0),
and rhombohedral (ux = uy = uz > 0) phases, where
the orthorhombic ferroelectric phase is compatible with the
tensile strain of thin films and thus can be adopted in the
phase diagram. For PZT, however, the bulk ferroelectric
phase is either tetragonal or rhombohedral, so the polarization
along the (110) direction is unfavorable in energy, and the in-
plane polarization under tensile strains comes out to be along
the x or y axis. Another difference is that, compared with
PZT films, the BaTiO3 films can be easily turned into the c∗
phase with 180◦ stripe domain by imposing a relatively small
strain (−0.3%). To achieve a stripe structure with out-of-
plane polarization, the unfavorable domain boundary energy
should be compensated by other favorite contributions such
as chemical driving force and strain energy. PbZr0.5Ti0.5O3

locates near the morphotropic phase boundary (MPB) and the
energies of various phases are close to each other, so the
paraelectric–ferroelectric chemical driving force is relatively
small (which is the reason why an adoptive structure can be
observed near MPB [36]), and a larger compressive strain is

required to drive the polarization to be out-of-plane. The
different ferroelectric lattice distortions may also play a role
here since the tetragonal distortion of bulk PZT is almost
twice that of BaTiO3 (2% versus 1.1%). The c∗ ferroelectric
phase with an out-of-plane polarization is desired in many
applications such as ferroelectric memory devices and quantum
computing architecture, which was recently synthesized on an
Si substrate [37]. In figure 3, we indicate the strains caused
by substrates of SrRuO3, DyScO3, and GdScO3, which will
induce the c∗ phase with higher ferroelectric stability.

Under different strain and temperature conditions, the
BaTiO3 thin films exhibit various sequences of phase transition
(figure 4). When the strain is fixed as η = −0.5%, the
film exhibits a r∗ phase at low temperature, and it undergoes
two phase transitions when the temperature increases: r∗–c∗,
and c∗–p transitions. When η = 0, at low temperature the
film also exhibits a r∗ phase. However, two different phase
transitions occur in this system with increasing temperature:
r∗–aa and aa–p transitions. When the temperature is fixed
at T = 40 K, as the strain increases, the film subsequently
undergoes c∗–r∗ and r∗–aa phase transitions. While at a
higher temperature T = 150 K, paraelectric phase exists when
the strain is close to zero, so the film undergoes c∗–p and
p–aa phase transitions with increasing strain. Figure 3 clearly
indicates that the in-plane polarizations ux and uy stay the
same under any conditions, which decrease with increasing the
(compressive) strain and disappear when the strain arrives at a
critical value.

In this paper the extreme open-circuit boundary condition
has been adopted as an extreme approach. An obvious
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concern is whether this condition is realistic. In experimental
systems with ferroelectric thin films grown on insulating
substrates, because the finite bulk conductivity and the metal-
like surface conductivity of the ferroelectric film are small,
the screening of the surface polarization charge will require
a time far larger than the time of the switching of the
polarization. Therefore, the polarization charges are probably
screened incompletely, while the ferroelectric phase will form
in domains of alternating polarity to reduce the electric field
energy arising from the polarization (the depolarizing field). In
fact, many works indicate that the polarization charge cannot
be perfectly screened by free charge in thin films. For example,
the 180◦ stripe domain has been experimentally observed in
PbTiO3 ferroelectric thin films [4, 38], indicating the validity of
the open-circuit condition in this case. Dunn et al showed that
the surface spontaneous depolarization field of ferroelectrics
can be used to direct the assembly of virus particles [39].
Therefore, studies under various conditions (short-circuit,
open-circuit, and partly charge screening conditions) can
provide a comprehensive understanding of ferroelectric thin
films.

In thin films, the epitaxial strain imposed by the
substrate is usually recognized as the major factor in
determining the structure and property differences with the
bulks. Other factors, such as the chemical activity of the
available substrates, also contribute to the difference between
ferroelectric properties of thin films and bulk [40–42]. For
example, the atomic bonding in a BaTiO3/Fe system will
induce a ferroelectricity–magnetism coupling [40]. The
chemical activity of available substrates is often diverse, which
can be utilized in experiments. In our study, the substrate
is mimicked just by imposing in-plane strains while the
influences of other factors are not pursued. In other words,
an inert substrate is assumed to be modeled in the simulations.

In summary, the strain–temperature phase diagrams of
BaTiO3 ultrathin films under open-circuit conditions have
been obtained using first-principles based simulations. The
phase diagram is similar to that under short-circuit conditions,
while 180◦ stripe domain and vortex polarization patterns
are observed in the phases with out-of-plane polarization
(component) under compressive strains. The mechanism of
such a polarization structure is related to a balance between
long-range and short-range interactions, and also depends on
specific boundary conditions. The strain is found to be crucial
for such a polarization structure since it supports the out-of-
plane polarization but suppresses the in-plane polarization.
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